Abstract We make a scalar representation of interactive models with cold dark matter and modified holographic Ricci dark energy through unified models driven by scalar fields with non-canonical kinetic term. These models are applications of the formalism of exotic kessences generated by the global description of cosmological models with two interactive fluids in the dark sector and in these cases they correspond to usual k-essences. The formalism is applied to the cases of constant potential in Friedmann-Robertson-Walker geometries.
Introduction
There are a number of cosmological observations, particularly from Type Ia Supernovae [1] [2] [3] , Cosmic Microwave Background Radiation [4] , and Baryon Accoustic Oscillation [5, 6] showing an accelerating effect on the expansion of our universe. Therefore, there must be a cosmological component responsible for the repulsive behavior that allows counteract and overcome the gravitational attraction. For this constituent with negative pressure, dubbed dark energy (DE), there have been some proposals. The cosmological constant seems to give the best fit with the observations but also there are good dynamical models including quintessence [7] [8] [9] [10] [11] , k-essence [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , models with internal structure as quintom [24] [25] [26] [27] and N-quintom [28] and applications of holographic principle [29] to cosmology [30] [31] [32] [33] [34] . The other majority contribution to the source of Einstein equations is called dark matter (DM), and is the ingredient that comes to supplement the lack of observed non-relativistic matter. Again, we cannot say anything about its nature and moreover, we cannot argue with some symmetry or microphysical criteria that it is evolving regardless of the DE. In fact, the possibility of an interaction between DM and DE has received many attention in the literature [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] and appears to be even favored over non-interacting cosmologies [47] . This work has the goal of showing the connection between models led by common k-essences (but with special conditions on the signs of the first and second derivatives) and interactive models of cold dark matter (CDM) and modified holographic Ricci type dark energy (MHRDE) fluids. We nickname holographik to these common k-essences to stand out the fact that they are related to interactive models where the dark energy corresponds to a holographic fluid. The idea has precedents in the linking of exotic quintessences [48, 49] or exotic k-essences [50] with interactive systems of two arbitrary perfect fluids, but here the a e-mail:forte.monica@gmail.com
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purely k-essence φ is derivable from a Lagrangian of the form L = −V 0 F(φ 2 ) and the interactive systems are compound with fluids whose continuity equation can be replaced by a modified equation using constant coefficients. The MHRDE fluid used here was proposed in [51] as a particular class of the more general holographic Ricci type dark energy introduced in [52] and it was the unique holographic component of a cosmological model that avoided the problem of causality [53] . This statement can be explained as follows. According to the application of the holographic principle to cosmology, the vacuum density of energy can be bounded by the full energy inside a region because it cannot exceed the mass of a black hole of the same size. From effective quantum field theory, an effective infrared (IR) cut-off can saturate the length scale that is included in the expression of the vacuum density of energy and in literature, the IR cut-off has been taken as the Hubble horizon, or the particle horizon, or the event horizon and also as some generalized IR cut-off. The papers devoted to holographic dark energy models with Hubble horizon or particle horizon as the IR cut-off, have shown that these models cannot lead to the current accelerated expansion of the universe. When event horizon is taken as the cut-off, as future event horizon is a global concept of space-time while the density of dark energy is a local quantity, the relation between them will raise challenges to the causality. These leads to the introduction of the holographic Ricci type dark energy, where the IR cut-off is taken as proportional to the Ricci scalar curvature, where the problem can be avoided. In the context of interactive systems the MHRDE fluid was used in a plethora of models [54] [55] [56] [57] [58] [59] [60] [61] [62] .
The paper is organized as follows: In Section 2 we consider the non-canonical scalar representation of an interacting cosmological model realized with CDM and a MHRDE fluid and introduce the expressions of the different physical magnitudes in terms of the constant potential V 0 and of the suitable kinetic functions F of a k-essence field φ . In Section 3 we gain deeper insight into the subject analyzing the equation that must be fulfilled by the kinetic functions and the related interactions Q(V 0 , F). Also there, we show worked examples in both ways. On the one hand, for a given interaction we obtain the corresponding kinetic function and on the other hand we discover which interaction can be considered associated with widely studied k-essences. In Section 4 we draw conclusions about the examples in terms of the workability provided by the scalar representation and also on the generation of new functional forms of interaction that can be studied analytically.
The holographic k-essence
We consider a model consisting of two perfect fluids with an energy-momentum tensor T ik = T
ik where T (n) ik = (ρ n + p n )u i u k + p n g ik , being ρ n and p n the density of energy and the equilibrium pressure of fluid n and u i their four-velocity. Assuming that the two fluids interact between them in a spatially flat, homogeneous and isotropic Friedmann-RobertsonWalker (FRW) cosmological background, the Einstein equations reduce to:
where H =ȧ/a and a stand for the Hubble expansion rate and the scale factor respectively and where we consider equations of state (EoS) ω i = (p i /ρ i ) for i = 1, 2. Above, we have assumed an overall perfect fluid description with an effective equation of state, ω = p/ρ = −2Ḣ/3H 2 − 1, where p = p 1 + p 2 and ρ = ρ 1 + ρ 2 . The dot means derivative with respect to the cosmological time and from equations (1), (2) we get
In this paper a more general version of the holographic fluid described in [51, 63] is used as DE. This is the simplest case where the density of energy of the DE is expressed as a general function of Hubble parameter and its derivative, for which the models avoid the causality problem. Then, the holographic density of energy ρ 2 is written as
where A and B are two arbitrary constants that we can suppose that they satisfy A > B > 0.
From (3) and (4) we obtain
which is a very useful relation because in our description of the interactive system, the equations of state must be constant and in general it does not happen with the EoS of the holographic fluid. Note also that the expressions (1), (2) and (5) allow us to write the partial densities of energy as
for ρ =ρ/3H. The interaction Q that connects both fluids is specified through the partial equations of conservationρ
Or better, a modified interaction Q M can be defined by using the relations (5) and (7) by means ofρ
Clearly, the relation between Q M and Q is Q M = Q + (1 − A)ρ 1 = Q + (B − ω 2 − 1)ρ 2 , where we apply the formalism to interactions between cold dark matter (CDM) and modified holographic Ricci type dark energy (MHRDE) fluid. Now, as it was done with the exotic canonical scalar field in [48] and with the exotik field in [50] , we propose that the interactive system as a whole be represented by a unified model driven by a special class of purely k-essence field φ (labeled by a constant potential V 0 and a kinetic function F(x), x = −φ 2 ), through the relationship
Then, the global density of energy ρ and the global pressure p = ωρ can be written as
The field φ satisfies the equation of movement
that allows us to find the functional form of the k-field φ once the kinetic function F(x) is given. If the kinetic function is strictly monotonic F x = 0, there is the well-known first integral
for m 0 a constant of integration. Alternatively, when the kinetic functions have an extreme x e = x(t e ) such that F x (x e ) = 0, the above first integral (12) does not exist. Instead, at time t = t e , the equation (11) is reduced to x e F xx (x e )φ | t e = 0 and thus it must happen thatφ has a root or an extreme at t = t e , or that F(x) has a saddle point at x e . We will not address cases with non-monotonic kinetic functions. We must note that, from (4), (6), (10) and (11) the partial densities of energy are
and therefore, being A − B > 0 the maximum possible value for the overall EoS should be ω = ω max = A − 1. This one is the first characteristic that these "special" k essences must fulfill and interestingly, it comes exclusively from the associated interactive models using MHRDE fluids because ρ MHRDE 2 must be non-negative. The expression for the global equation of state ω in the unified representation of the k-essence, is
and so (13b) and (14) imply −2xF x /(F − 2xF x ) ≤ A. Also, from (3) and (5) is ω = (A − 1 + (B − 1)r)/(1 + r), where r = ρ 2 /ρ 1 . Thus, if the universe supports a constant EoS ω = ω 0 , then the ratio between densities must be a constant r = r 0 = (A − 1 − ω 0 )/(1 + ω 0 − B). Conversely, in these models with interactive MHRDE fluid, we cannot have a stationary solution to the problem of coincidence, r = r 0 , without paying the price of a universe with constant EoS ω 0 . In that sense, from (14) we can see that the polynomial kinetic functions F = (−x) n with n = constant, have constant ω = (2n − 1) −1 . Therefore the interactive models with interactions associated with these F, should not be considered interesting examples to describe realistic cosmological models.
The figure 1 describes the global EoS ω = g/(1 − g) in terms of the auxiliary function g ≡ F/(2xF x ) and also shows the prohibited zone ω ≥ A − 1. There, the left branch (g < 1 − 1/A) correctly describes a unified model which behavior interpolates between a stiff [64, 65] , radiation or dust type (for A = 2, 4/3 or 1) and a cosmological constant type. The right branch (g > 1) describes phantom models provided that the EoS is kept ω < −1 along the whole cosmological history.
Let us focus on left branch. The bound ω ≤ A − 1 results in the bound g ≤ 1 − 1/A and therefore in the "bounding" functions F(x) max = F 0 (−x) A/(2(A−1)) for A = 2 or A = 4/3 and anyone for which g < 0 if A = 1. The meaning of "bounding" is evident in figure 2 , where the general behaviors of ω(x) for different functions F appear "limited" by the curve with n = 0 Other two conditions exist to carry out for these functions, which come from the reality of the Hubble factor H and from the stability of the model. From (10) the total density of energy can be written as ρ/V 0 = 2xF x (g − 1). and with positive potentials and g < 1 it must always be observed that F x > 0. Therefore, this second condition leads to F < 0 for 0 < g < 1 − 1/A and to F > 0 for g < 0.
The last restriction arises from having considered the adiabatic speed of sound c 2 s = (δ p/δ ρ) s = p x /ρ x , (the subscript s means at constant entropy), because the local stability and causality requirements 0 ≤ c 2 s ≤ 1 [66] [67] [68] [69] [70] [71] [72] determine, through c 2 s = F x /(F x + 2xF xx ) that the realistic models are those with F xx ≤ 0. We use this last condition although in [73] it is shown that condition c 2 s ≤ 1 is not necessary for causality. All the three conditions: g < 1, F x > 0 and F xx ≤ 0, are essential to describe realistic models driven by k-essence that are associated with acceptable interactions Q in the dark sector.
There are several functions that satisfy these three conditions. For example the quadratic function F[x] = −mx 2 + nx + c, which includes the linear one, the proportional to the tachyonic function F[x] = m √ 1 + x + n, the exponential F(x) = e −mx 2 + n and also F(x) = −m cosh( √ −x) with m > 0, n > 0 and c > 0. Some of them will be used in the next section to find the appropriate associated interaction Q in the dark sector. The figure 2 shows the EoS corresponding to functions F(x) sti f f = −mx + n, F(x) rad = −mx 2 + n and F(x) dust = e −mx 2 + n, with m > 0 and n > 0, for which we can see the corresponding asymptotic limits. Note that the global equation of state of the k-essence is independent of the potential used and therefore the above results preserve their validity for variable forms of V , but in these last cases the first integral (12) no longer exists. Moreover, note that the crossing of the phantom divide line (PDL) is not allowed. This was to the first time proven for k-essence in [74] .
The associate interactions
The results of the previous section are quite general and apply to any kinetic function F(x), but the particular choice of the function will be determined by the interaction Q that manages the evolution of both fluids. The expressions (8b) and (14) let us write the equation that must be fulfilled by the kinetic function F(x) once the interaction Q M (V 0 , F) is fixed.
The expression Q M (V 0 , F) means that the interaction, often expressed as a function of ρ and its derivatives, should be given using equations (6), (10), (12) and ρ = 2xF(x)V 0 .
The equation (15) is a highly nonlinear equation for F. However, the change of variables ζ = ρ x /(2xF x V 0 )dx and ρ(x) = V 0 (F − 2xF x ) lets us to obtain the more simple differential equation for ρ,
with ρ = dρ/dζ and ρ = d 2 ρ/dζ 2 . This is the holographik version [54] of the already known source equation for the energy density described in [75] . On the other hand, equation (15) allows using the representation in both directions. One direction is to find the system handled by the k essence F that represents the interactive system and the other one is to assign an interaction Q to an interactive system that is studied as a unified model of k essence. Let's have a look at some worked examples.
-Examples Q → F -CDM and MHRDE This interesting case was already presented at the general formalism developed in [50] , where it was applied to the null interaction Q = 0 or equivalently when we replace b 2 a 3(1−B) ) are 0 and B − 1 < A − 1 in the asymptotic limits a → 0 and a → ∞ respectively. However, the model is not viable because always c 2 s < 0.
-The holographik Λ
In this example we consider the case in which a holographic interactive fluid is behind the concept of cosmological constant. The system of a CDM fluid interacting (12) and (13b) the expressions for the global density of energy and the density of energy of MHRDE fluid are ). If 1 < A < 2, the corresponding global EoS
ranges between the values ω et = A − 1 at early times and ω lt = −1 at late times and the sound speed is c 2 s = A − 1 < 1. Solving ρ MHRDE 2 = (2Ḣ + 3AH 2 )/(A − B) = Λ we obtain the factor of scale
where we set t 0 as the present time for which the factor of scale is a(t 0 ) = 1 and Hubble parameter is H(t 0 ) = H 0 . Notice that the argument of the hyperbolic functions in (19) corresponds to the usual solution of the factor of scale for the model Λ CDM if B = (A 2 −1)/A. Also, the expression (17) corresponds to the model Λ plus WDM (A very slightly greater than one) or to the model Λ plus radiation (A = 4/3). However, unlike a true cosmological constant, the equation of state for dark energy ω 2 = ωρ/ρ 2 diverges at early times and tends asymptotically to −∆ /A at late times because its expression is
-The sign-change holographik
There exists a number of works that studied interactions able to change their sign along the evolution of the universe. One of them is Q sc = Bρ 2 − ρ 1 that replaced in (15) allows us to obtain two linear differential equations xF x − y ± F = 0 where y ± = √ AB/(2( √ AB ± 1)) and then, the two kinetic functions F ± = F ± 0 (−x) y ± . Using the first integral (12) for each particular kinetic function, the corresponding global energy density is
with ρ 0 the actual global density, and the constant of integration m Assuming ∆ > 0 and √ AB < 1, the change of sign of the interaction is produced at ω sc = (AB − 1)/(B + 1) for which the factor of scale is
This interactive system affected by Q sc is consistently maintained until ρ 1 is exhausted at
when the sign change has already occurred because a max > a sc . The figure 3 shows the global density of energy (21) and the partial densities of energy
where it can be seen that with the right choice of the constants of integration (ρ 0 − ρ − ) and (ρ − ), the model is consistent with current estimates of dark energy densities and shows a relief in the problem of coincidence. Also there, the ratio r = ρ 1 /ρ 2 and Q sc are depicted for ρ 0 − ρ − = 0.04, ρ − = 0.96, A = 5/4, B = 3/4.
-Examples F → Q -The linear function F(x) = 1 + mx, with m > 0 was already used in [15, 21] with exponential potentials. Here, with the constant V = V 0 , is replaced in (15) obtaining the interaction Q M ∆ = ABρ + (A + B − 2)ρ . That is, a cosmological model with CDM fluid interacting with MHRDE through the interaction ∆ Q = Bρ + (B − 1)ρ can be seen as a model driven by a purely linear k-essence. With the greatest simplicity, the densities of energy and the EoS of the global model are obtained as well as the time variation of the scale of factor and the k-essence field φ .
with t T the actual time. The adiabatic velocity of sound is constantly equal to 1 as in the cases of the quintessence regardless of the values of the parameters A and B.
-In [20] , the simple quadratic function
2b is used with the arbitrary parameter b > 0 to ensure positivity of density of energy and stability observed through the speed of sound. In this context of purely holographic k-essence with constant potential V 0 it leads, through (15) , to the associated interaction
From (12) we obtain the algebraic equation h 3 + h − u = 0 for h = −x/b and u = m 0 b −1/2 a −3 , whose unique real solution allows us to write the first integral φ = √ −x for the kinetic function as
and thus, from (10) and (12) (14),
)( 
This expression (31) can be considered as the global density of energy of an interactive cosmological system filled with CDM and MHRDE that affected by the
produces a density of energy for the holographic component
The corresponding global EoS
has asymptotic values ω e = 0 for a = 0 and ω l = −1 at late times. Nevertheless the maximum value of ω is positive in the intermediate epoch between the asymptotic dust era a = 0 and the truly dust era
is not always negative at early times. Note that the constants α and β should be adjusted so that the holographic density is kept positive and the quotient of densities in the dark sector fits with the current value. The adiabatic velocity of sound c 2 s = (sinh −1 (a −3 ) √ 1 + a 6 ) −1 oscillates between c 2 s = 0 at early times and c 2 s = 1 at late times, independently from the constants A, B, α and β .
Conclusions
In this work we have studied cosmological models driven by k-essences with constant potential V 0 , generated by strictly increasing (F x > 0) and concave (F xx < 0) kinetic functions F. The study is described in a FRW background and the goal was the possibility of finding links between these universes and interactive models filled with CDM and MHRDE fluids. This idea is supported on studies realized previously where scalar representations of cosmological interactive arbitrary systems were found using exotic quintessence [48] and exotic k-essence as scalar fields [50] . Here we particularize the interactive model, considering it as integrated by CDM and MHRDE fluid, whose defining parameters A and B mark limits on the used k-essences. According to the general method described in [50] , the fields turn out to be common k-essences derived from a Lagrangian L = −V 0 F. This fact could allow us to consider this formalism as an indirect or covert Lagrangian description of a cosmological system with interactive dark energy [76] . In the k-essential approach of the cosmological models they do not have allowed the crossing of phantom divide (ω = −1). This is clearly seen in the figure 1 where the global EoS ω = g/(1 − g) is plotted as function of an auxiliary magnitude g = F/2xF x . There are two branches in the picture, one describing viable universes and the other corresponding to phantom universes, and the cosmological constant type behavior is the asymptotic conduct in the extreme points (F x = 0), when we arrive at the low limit g → −∞ of the acceptable branch g < 1 or at the top limit g → +∞ of the phantom branch g > 1. Restricting ourselves to models no phantom for which g < 1, a positive global density of energy leads to the condition F x > 0 while the stability measured by the adiabatic speed of sound determines F xx < 0. These conditions select possible k-essences for the representation (F → Q) and simultaneously they reject interactions that can lead, through this approach, to cosmologically nonviable systems (Q → F). Two other restrictions on these models of universe arising from the use of CDM and MHRDE as interacting fluids are the inability to have constant ratios r = r 0 to alleviate the problem of the coincidence without having a global constant EoS ω = ω 0 (because r = r 0 = (A − 1 − ω 0 )/(1 + ω 0 − B)), and the existence of a maximum value for the global EoS ω max = A − 1.
The link between both schemes arises from equalizing the expressions of the time derivative of Hubble parameter −2Ḣ = (ρ + p) = −2xF x V 0 in each description and from supposing a linear combination of density of energy and of pressure for the DE. Then, the conservation equation for the DE gives us the expression that must be hold for the kinetic function F and for the interaction Q. From (15) , given the interaction Q(V 0 , F), the finding of the function F allows to write all the densities of energy as function of the factor of scale through the expressions (10), (12) and (13) . Inversely, given the appropriate function F we find the interaction that affects the CDM-MHRDE system. The last two sections were dedicated to giving examples of these two manners of using (15) . To the systems CDM-MHRDE affected by the interactions Q = 0, Q Λ = (Bρ + (1 − ∆ )ρ )/∆ , and Q sc = Bρ 2 − ρ 1 we associate sys- and F ± = F ± 0 (−x) y ± respectively, showing that they arrive at the same dynamic results in both approaches, but in a more direct way. Also, in the particular case Q Λ we show that the concept of cosmological constant can be interpreted as the result of an interaction in these systems CDM-MHRDE. For the inverse way, we use the kinetic functions F(x) = 1 + mx, F(x) = ]/∆ respectively. The latter case shows the difference between the maximum value of the global EoS and its asymptotic limits. Moreover in the last two cases, we obtained interactions that difficultly could be solved by the method of the equation source and for which, nevertheless, we obtained explicit expressions for all the cosmological important magnitudes.
